Abstract. This article contains a compression of results from [V], with most proofs omitted. We prove that every two points of the connected moduli space of holomorphically symplectic manifolds can be connected with so-called "twistor lines" -projective lines holomorphically embedded to the moduli space and corresponding to the hyperkähler structures. This has interesting implications for the geometry of compact hyperkähler manifolds and of holomorphic vector bundles over such manifolds.
A i be a graded commutative associative algebra over a field of characteristic zero. Let H ∈ End(A) be a linear endomorphism of A such that for all η ∈ A i , H(η) = (i − d)η.
For all a ∈ A 2 , denote by L a : A −→ A the linear map which associates with x ∈ A the element ax ∈ A. The triple (L a , H, Λ a ) ∈ End(A) is called a Lefschetz triple if
A Lefschetz triple establishes a representation of the Lie algebra sl(2) in the space A. For cohomology algebras, this representation arises as a part of Lefschetz theory. In a Lefschetz triple, the endomorphism Λ a is uniquely defined by the element a ∈ A 2 ([BouLie] VIII §3). For arbitrary a ∈ A 2 , a is called of Lefschetz type if the Lefschetz triple (L a , H, Λ a ) exists. If A = H * (X) where X is a compact complex manifold of Kähler type, then all Kähler classes ω ∈ H 2 (M ) are elements of Lefschetz type. As one can easily check, the set S ⊂ A 2 of all elements of Lefschetz type is Zariski open in A 2 . Definition 1.1: A Lefschetz-Frobenius algebra is a Frobenius graded supercommutative algebra which admits a Lefschetz triple. Definition 1.2: Let A be a Lefschetz-Frobenius algebra. The structure Lie algebra g(A) ⊂ End(A) is a Lie subalgebra of End(A) generated by L a , Λ a , for all elements of Lefschetz type a ∈ S.
Let M be a compact hyperkähler manifold with the complex structures I, J, K. Consider the Kähler forms ω I , ω J , ω K associated with these complex structures. Let
) be the corresponding Lefschetz homomorphisms. Let a ⊂ End(H * (M )) be the minimal Lie subalgebra which contains images of ρ I , ρ J , ρ K . The algebra a was computed explicitely in [Vso5] .
The Lie algebra a is naturally isomorphic to so(4, 1).
This statement can be regarded as a "hyperkähler Lefschetz theorem". Indeed, its proof parallels the proof of Lefschetz theorem.
Using Theorem 1.1, we compute the structure Lie algebra of H * (M ).
, Theorem 11.1) Let M be a compact holomorphically symplectic manifold. Assume that dim H 2,0 (M ) Let n = dim(H 2 (M )). Let g(A) be a structure Lie algebra for A = H * (M ). Then g(A) is isomorphic to so(4, n − 2).
1
Let H * r (M ) be a sub-algebra of H * (M ) generated by H 2 (M ). It is easy to see that g(A) acts on H * r (M ), and H * r (M ) is an irreducible representation of g(A). Moreover, multiplicative structure in H * r (M ) is easily recovered from an action of g(A). Using the general knowledge of representations of so(n), we obtain exact knowledge of the multiplicative structure of H * r (M ). In particular, we obtain the following theorem.
The Riemann-Hodge pairing.
Let M be a compact holomorphically symplectic manifold f Kähler type, satisfying dim H 2,0 (M ) = 1.
In [Beau] Remarques, p. 775, Beauville introduces canonical 2-form on H 2 (M ), of signature (n − 3, 3), where n = dim H 2 (M ). Throughout the paper [V] , this form was called the Riemann-Hodge pairing.
2 In [V] , this form was described via the action of SU (2) on H 2 (M ).
Let ω be a Kähler class on M such that
and (I, J, K, (·, ·)) be the corresponding hyperkähler structure. Let
be a positively Hermitian form on second cohomology of M which corresponds to the Riemannian structure (·, The form (·, ·) H is used in the proof of Theorem 1.2.
) be a Lie algebra generated by the images of ρ I for all complex structures I on M . Let V denote the linear space H 2 (M ) equipped with bilinear form (·, ·) H . By Theorem 2.1, the action of g M on V preserves (·, ·) H . This defines a Lie algebra homomorphism Γ :
The following theorem is a chief tool in proving the Mirror Conjecture for a compact holomorphically symplectic manifold. 2) The Lie subalgebra
coinsides with the grading-zero part of g(A).
We have a period map P c :
Torelli principle (proved by Bogomolov in the case of holomorphically symplectic manifolds, [Bog] ) implies that
Let H = ⊕H p,q (M ) be a variation of Hodge structures (VHS) on Comp associated with the total cohomology space of M . Theorem 2.2 implies that there exist a VHS H on C, such that H is a pullback of a variation of Hodge structures H: H = P * c (H). Let G M be the Lie group associated with g M ,
The set C is equipped with a natural action of a group G M . This group also acts in the total cohomology space H * (M ) of M . This defines an equivariant structure in the bundle H. The chief idea used in the proof of Mirror Symmetry is the following theorem:
Theorem 2.4: The VHS H is G M -equivariant, under the natural action of G M on C and H.
Proof: See [VMir] , Theorem 2.2.
To make this statement more explicit, we recall that the variation of Hodge structures is a flat bundle, equipped with a real structure and a holomorphic filtration (Hodge filtration), which is complementary to its complex adjoint filtration. Then, Theorem 2.4 says that the action of G M on H maps flat sections to flat sections, and preserves the real structure and the Hodge filtration.
3 The twistor lines.
The main technical tool used in the text of [V] is results about (coarse, marked) moduli space Comp of complex structures on a holomorphically symplectic manifold M . Let ω be a Kähler class on M and H = (I, J, K, (·, ·)) be the corresponding hyperkähler structure. Then, for every triple of real numbers (a, b, c), a 2 + b 2 + c 2 = 1, the operator aI + bJ + cK defines an integrable complex structure 3 on M . Identifying the set of such triples with CP 1 , we obtain a map CP Claim 3.1: The map i H is a holomorphic embedding of complex analytic varieties.
Let P : Comp −→ C be the period map, assigning to a complex structure I a line H 2,0 (M, I). Let C ⊂ P 1 (H 2 (M, C) = P (Comp). According to [Beau] , P is etale. The projective line i H (CP 1 ) ⊂ Comp is called a twistor line, and is denoted by R H . The following theorem was, regrettably, omitted in [V] , though all necessary tools were developed for its proof. For conceptual understanding of our argument, this theorem is indispensable. 
Let L be the space of all triples ω I , ω J , ω K in H 2 (M ) which are orthonormal with respect to the pairing (·, ·) H of Theorem 2.1, and Hyp be the connected component of the set of all hyperkähler structures. Let P h : Hyp −→ L be the natural period map. Comparing dimensions and using Calabi-Yau, we observe that P h is etale. Let L 0 be the space of twistor lines corresponding toL 0 . Using Lemma 3.1, we find that the differential of P h | 
An outline of proofs.
Let (I, J, K, (·, ·)) be a hyperkähler structure on M . One can check that the cohomology classes ω I , ω J , ω K ∈ H 2 (M, R) are orthogonal with respect to the pairing (·, ·). Let Hyp be the classifying space of the hyperkähler structures on
be the map which associates with the hyperkähler structure H = (I, J, K, (·, ·)) the triple (ω I , ω J , ω K ). Then the image of
where (·, ·) H is the canonical pairing defined above. Let D ⊂ H 2 (M )×H 2 (M )× H 2 (M ) be the set defined by the equations (4.1). Using Torelli theorem and Calabi-Yau, we prove the following statement:
Theorem 4.1: The image of P hyp is Zariski dense in D.
Theorem 4.1 shows that all algebraic relations which are true for (x, y, z) ∈ P hyp (Hyp) are true for all (x, y, z) ∈ D. Computing the Lie algebra a as in Theorem 1.1, we obtain a number of relations between x, y, z ∈ H 2 (M ) which hold for all (x, y, z) ∈ Im(P hyp ). Using the density argument, we obtain that these relations are universally true. This idea leads to the proof of Theorem 1.2.
The proof of Theorem 2.1 is deduced from the standard period argument and Theorem 3.1. Let H be a hyperkähler structure corresponding to I and ω. Clearly from the definition, the form (·, ·) H depends only from the twistor line H, and not from the choice of particular I and ω. A computation shows that (·, ·) H depends from P (I) and not from ω. Using the fact that C is all connected with twistor lines (Theorem 3.1 4 ), we prove that (·, ·) H is independent from H.
Implications.
This section contains implications of our results.
Mirror symmetry. ([VMir]
) Using Theorem 2.2 and Theorem 2.2, we compute the variation of Hodge structures corresponding to the universal VHS over the moduli space Comp. In [VSym] , it is proven that for "sufficiently generic" deformation W of a given compact holomorphically symplectic manifold M , the manifold W admits no closed holomorphic curves. Therefore, using the definition of quantum cohomology from [KM] , we can easily compute the quantum variation of Frobenius algebras. Comparing these computations, we find that Mirror Conjecture is true for holomorphically symplectic manifolds, which are Mirror self-dual.
In proof of Mirror Symmetry, we use the fact that tangent bundle T M of a holomorphically symplectic manifold is isomorphic to the cotangent bundle Ω 1 (M ) thereof. For every Calabi-Yau manifold M , dim M = n, the Serre's duality induces an isomorphism
beweeen cohomology of the holomorphic differential forms and cohomology of exterrior powers of holomorphic tangent bundle. Using the isomorphism T M ∼ = Ω 1 (M ), we interpret the isomorphism (5.2) as a map η from the total cohomology space H * (M ) to itself. A linear-algebraic check ensures that this map is involutive. A slightly less elementary consideration shows that η : H * (M ) −→ H * (M ) belongs to the Lie group G ⊂ End(H * (M )) corresponding to the Lie algebra g(A) from Theorem 1.2. Clearly, Yukawa multiplication is equal to the cup-product in cohomology twisted by η. This gives a way to describe Yukawa product explicitely in terms of Lie algebra action.
Twistor paths.
Definition 5.1: Let M be a holomorphically symplectic manifold, Comp be its moduli space, P 0 , ... P n ⊂ Comp be a sequence of twistor lines, supplied with an intersection point x i+1 ∈ P i ∩ P i+1 for each i. We say that γ = P 0 , ..., P n , x 1 , ..., x n is a twistor path. Let I, I
′ ∈ Comp. We say that γ is a twistor path connecting I to I ′ if I ∈ P 0 and I ′ ∈ P n . The lines P i are called the edges, and the points x i the vertices of a twistor path.
Theorem 3.1 proves that every two points I, I
′ in Comp are connected with a twistor path. Clearly, each twistor path induces a diffeomorphism µ γ : (M, I) −→ (M, I ′ ). We are interested in algebro-geometrical properties of this diffeomorphism.
For every hyperkähler structure H on M , let g H ⊂ End(H * (M )) be the corresponding su(2) embedded to End(H * (M )). Let H * (M ) gH be the g Hinvariant part of H * (M ). Let I ∈ Comp and H be a hyperkähler structure which induces I. We say that I is of general type with respect to H if
In [VSym], we prove that for every hyperkähler structure, all induced complex structures are of general type, except may be a countable number thereof. Results of [VBun] and [VSym] can be compressed down to the following statement.
Theorem 5.1: Let H be a hyperkähler structure on M and I be an induced complex structure of general type.
(i) ([VSym] ) Let N be a closed complex analytic subset of (M, I). Then N is complex analytic with respect to J, for all induced complex structures 6 J. (ii) ( [VBun] ) Let Bun I be the tensor category of polystable 7 holomorphic vector bundles of slope 0 over (M, I). For arbitrary induced complex structure J, there exist a natural injective tensor functor Φ I→J : Bun I −→ Bun J , which is an equivalence of J is of general type with respect to H. For I, J, J ′ being induced complex structures and I, J of general type, we have Remark on proof of Theorem 5.1 (ii): Theorem 5.1 (ii) is an implication of the following result from [VBun] . Let B be a polystable bundle on a holomorphically symplectic Kaehler manifold M . We associate with the Kaehler structure on M a canonical hyperkaehler structure H as in Calabi-Yau theorem. Assume that the first and second Chern classes of stable summands of B are invariant under the natural action of SU (2) in cohomology. Then there exist a unique holomorphic connection on B which is holomorphic under each of complex structures induced by H. This lets one identify the categories of polystable bundles for different complex structures L induced by H, provided that L is of general type with respect to H. Definition 5.2: Let I, J ∈ Comp and γ = P 0 , ...P n be a twistor path from I to J, which corresponds to the hyperkähler structures H 0 , ..., H n . We say that γ is admissible if I is of general type with respect to P 0 , J to P n , and all vertices of γ are of general type with respect to the corresponding edges.
Corollary 5.1: Let I, J ∈ Comp, and γ be admissible twistor path from I to J.
(i) Let µ γ : (M, I) −→ (M, J) be the corresponding diffeomorphism. Then, for every complex analytic subset N ⊂ (M, I), µ γ (N ) is complex analytic with respect to J, for all induced complex structures.
(ii) There exist a natural isomorphism of tensor cetegories Φ γ : Bun I −→ Bun J .
Proof: Follows from Theorem 5.1.
To sum it up, whenever we can connect two complex structures by an admissible twistor path, these complex structures are quite similar from algebrogeometrical point of view. There is a cohomological criterion of existence of admissible twistor path, which is proven in the similar fashion to Theorem 3.1. ′ can be connected by an admissible path. Proof: Follows the proof of Theorem 3.1.
